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Part 1:
Bond percolation and the 2 boundary
Temperley-Lieb algebra (2BTL)
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Bond percolation model

Model of bond distributions on a 2—D grid

Can ignore:

o Closed loops

@ Links attaching a boundary
to itself

@ Loops attached to both
boundaries

L=8
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2BTL - A Link Pattern Representation

1l2l3l4l5l6l7l8

Figure: |a), link pattern of size 8

Shorthand notation: ()()(())-

There are 2% link patterns in a system of size L.
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Temperley-Lieb Generators

{e,-; iZO,...,L}

L
N N

Figure: eg|a)

ep acts between the left boundary and position 1
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Temperley-Lieb Generators

{e,-; iZO,...,L}

LA
A\

Figure: eq|a)

e; acts between position i and position j + 1
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Temperley-Lieb Generators

{e,-; iZO,...,L}
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Figure: egla)

e, acts between position L and the right boundary
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Part 2:
The g-deformed Knizhnik-Zamolodchikov equation
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The g-Knizhnik-Zamolodchikov equation

Eigenstate vector of transfer matrix

Definition

V) =) a2z, ., 21)|e)

@ Sum runs over link patterns « of size L

@ v, are (polynomial) functions of L variables
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The gKZ equation

The gKZ equation

e|V) = —a;|V)

or

> taleila)) = =) (aia)la)

[e%

@ Turns into a system of equations for the v,
one for each link pattern « and position |

o 2L link patterns, L + 1 positions — 25(L + 1) equations
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The gKZ equation: RHS

Hecke operators

aj « (mi — 1) [gzi+1/ zi], 1<i<l—1
ao o< (mo — 1) k(1/z1,¢1)
ap o< (mp — 1) k(sz,1/s5¢2)

a;if =0 = [gzi+1/z]f invariant under z; < zj 41
aof =0 = k(1/z1,(1)f invariant under z; <> 1/z

af = 0= k(sz;,1/s(3)f invariant under sz, < 1/sz;
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The gKZ equation: LHS

e acting on a link pattern leads to a small link between / and i +1

i i+1
/
& ‘ N il
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The gKZ equation: LHS

e acting on a link pattern leads to a small link between / and i +1

|\/|+1
& ‘ N ‘ . il
| R

Any « without a small link between / and i + 1 has

aiwa =0
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The gKZ equation: LHS

e acting on a link pattern leads to a small link between / and i +1

=
€ ~ . U
| | |

Any « without a small link between / and i + 1 has
aiwa =0

So [qzi+1/zi]tha must be symmetric in z; < zj41
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The g-Knizhnik-Zamolodchikov equation

The gKZ equation: LHS

e acting on a link pattern leads to a small link between / and i +1

=
€ ~ . U
| | |

Any « without a small link between / and i + 1 has
aiwa =0

So [qzi+1/zi]tha must be symmetric in z; < zj41
= 1), has a factor of [qz;/zi+1], symmetric otherwise.
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Part 3:
Solutions



A Solution of the g-deformed Knizhnik-Zamolodchikov Equation
Solutions

Properties of solution: Symmetries

Conditions on 1),:
i. « has no link from j to /41
— Yo = [92i/2i11]Sa(2i, Zi11),
ii. « has no link from the left boundary to 1
— o = k(21,(1)Sa(21,1/21),
iii. «a has no link from L to the right boundary
— lf)a = k(]./SZL, l/SCQ)Sa(SZL, ]./SZL).

Condition (i) means that most components disappear when
Zi+1 = qz;.
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Solution for general L

L
i =11kG@q) 11 lez/zlla/zz)
i=1

1<i<j<L
X 51(21, ey Zl, 1/21, ey 1/ZL)

L
vy =TT ksz1/s0) ] lea/zlles’ziz]
i=1

1<i<j<lL

X 52(521, ...,5871, ]_/5217 . .,]_/SZL)
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Solution for general L

d}( (—Hk Zval) H kzjvzl

1<i<j<L
X 51(217 ey 2L, 1/21, ey 1/21_)

L

w)L._,):Hk(l/sz,-,l/sg‘g) H k(1/szi,1/sz;)

i=1 1<i<j<lL

X 52(521,. .., 821, 1/521,. cey ]_/SZL)
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Symplectic character

For finite L, have found a special form for S; and S;
= ()Y 2 Q)
S = (DM (5¢2)% (1), (s21)?)
Xg\L) is of degree AL in its arguments,

A =(..,3,2,2,1,1,0,0)

Recursion:
(L), 2 2 (L=2) 52 52 2
X)\ (21,--~aZL)‘z,-+1=qz, O(X)\ ( CARREREP A i+1> "7ZL)
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Recursion

It is easy to show that
L } L-2
w(...() ’zL:qu_l = PLfl(ZLfly Zlyen- >ZL72)7/1(...(
and it can also be shown that

|WL>|Zi+1:qu X Sof’wlfz)

= w.L..()|ZL=qL,1 = PL—IT;[}.IT~_2
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Recursion

Definition

Z :Z¢a

Tl = Zp, 0<i<L

So we have

Zi(z1,...,2,qzi,...,21) = piZi—2(21, ..., Zi—1,Zi42, .-, 2L)

and

pi = (—1)'k(z1, 01)k(z1, &) H k(i 7))%)

JFii+1
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Solution for Z;

The product of symplectic characters
L+1 2
XL— +(C17217"‘7ZL)
L+1 2 2
- (217‘-- zi,(3)

X X
2 2 s2
X X>\+ (41721, 0 21,65)

has a recursion
Xle,-+1:qz,- = PiXL—2
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Solution for Z;

Z; and X have
@ The same recursion
o The same degree (2A\(LT1) 4 \(L+2))

@ The same valuesfor L=2and L =3

So
Z =X,
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Part 4:
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Conclusions and related problems

@ Found an exact expression for the groundstate of a finite
system

@ Equivalent to the Hamiltonian groundstate when z; — 1
e O(n=1) loop model

@ Numbers of fully packed loop configurations with different
boundary conditions
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Example: L =2
Set [1) = |((). 12) =10)). [3) =1)(), and [4) =))).

For L=2,i=0:

— Y aothala) = Yreo|l) + teol2) + P3en|3) + taeo|4)

= (Y1 + 9¥3)[3) + (2 + a)|4)
leads to
apY1 = agY2 =0
—aoy3 = Y1 + 3

—aoPs = P2 + P4



A Solution of the g-deformed Knizhnik-Zamolodchikov Equation

Closing remarks

Example: L =2
Set [1) = |((). 12) =10)). [3) =1)(), and [4) =))).

For L=2,i=0:

— Y aothala) = Yreo|l) + teol2) + P3en|3) + taeo|4)

= (Y1 + 9¥3)[3) + (2 + a)|4)
or, with s; = —1 — a;,
aoyY1 = apy2 =0
sotp3 = 1

sotpa = 2
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Example: L =2

Considering i = 1 and 2 in turn gives the 12 system equations:

0 = ap¥1 = a2
= axthp = a4

= a1 = a1y3 = a1¢4

sot3 = 1 Y1 = Yo
sots = Yn 213 = Py

s12 =1 + 3 + Py
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