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Introduction: The Brauer model

Loop model on a semi-infinite lattice:
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Sites can be connected to each other or to the boundary.
Ignore closed loops and loops connected only to the boundaries:
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“Probability” vector, with « a link pattern:
W) = dala)

Sum rule:

ZL = Zwa
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Other boundary conditions: Periodic
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» [de Gier & Nienhuis, 2005]: Conjectured agreement between
probabilities of link patterns and degrees of the 'upper-upper’
algebraic variety from [Knutson, 2003].

» [Di Francesco & Zinn-Justin, 2006]: Refinement of conjecture,
calculations of 1., Z; and sum of permutation-type components.

» [Knutson & Zinn-Justin, 2007]: Proof of conjecture, involving
permutation-type components.
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Other boundary conditions: Reflecting
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» [Di Francesco, 2005]: Calculations of ¥, Z; and sum of
permutation-type components.

N .
~ N

J

N

Anita Ponsaing (Université de Genave) The two-boundary Brauer loop model 6/ 21



N

N B
NN
J

AEPARSAN

\\\\\J 1

| /)

» Calculations of (some) %, Z; and sum of permutation-type
components. (Almost complete proof)

The two-boundary Brauer loop model



Details
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Introduce inhomogeneities.

R(W—u):a(w—u)Jf —i—b(w—u)\\ +c(w —u)

u
Probability of configurations on a face:

2(z—1) —2z z(z—1)
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R Matrix

Introduce inhomogeneities.

R(w—u):a(w—u)Jf + b(w—u

~—

E +c(w—u)

u

Probability of configurations on a face:

2(z-1) 2 -2z ) z(z-1)
Cine-2 O eiemy BT Erne-2

Chosen so that Yang—Baxter equation holds:

a(z) =

s - X

w w
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%z =k(l—w) + k(1 — w)

KL(W) = k]_(W —|—k2(W)

Inhomogeneous probabilities:

1—2w 4w
fa(w) =175, kW) =15,

Chosen so boundary YBE holds.
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Probabilities of configurations on two rows of the lattice:

T(W; U1,...,UL) = Q g

uj u Up.p ur

The two-boundary Brauer loop model



Probabilities of configurations on two rows of the lattice:

T(W; U1,...,UL) = Q g

uj u Up.p ur

Ground state:

(W(u,...,u)) = Z¢a(u1, cooyup)|a)

«
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Transfer Matrix

Probabilities of configurations on two rows of the lattice:

A A 3 A

T(wiup,...,u )= Q e

up u Up.p ur

Ground state:

[W(u,...,u)) = Zwa(uh oo ug)|a)

Eigenvalue of 1:

T(wiuy,...;u) |V(ug, ... u)) = |W(ug, ..., u))
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YBE implies:

uj Uis g
u; Uis]

Equivalently,

R(ui — ujy1) T(w, .. ujy tiyr, ... ) = T(w, oot gy - ) R(0p — Uiga)

o-boundary Brauer loop model



Interlacing relation (bulk)

YBE implies:

u; Uiy

Equivalently,
R(ui — uis1) T(w, ooy uiy by, o) = T(w, oo i, gy - )R(u — i)
Leading to quantum Knizhnik—Zamolodchikov (qKZ) equation:

R(u,- - Ll,'+1)|\|/(. BPIPN ¥ ¥ P )> == ‘\U( ey Ui, Upy e )>
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gKZ equation (bulk)
R(U,’ — U,'+1)|\U(. BIIPN ¥ P ¥ P )> = ‘\U( ey Uiy, Uy )>

R in terms of Brauer algebra generators:

R(ui — uiy1)
i i+l i i+l i i+l

= a(u; — ujy1) ﬁ + b(u; — uje1) ey — ui) Y

=ait+bie+qf

e & f; act on |a), so gKZ equation becomes a relationship between the
components of |V).
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(a; + bje; + C,'f;') |\|f> =T; |\|l> ( = |\Il(u,~+1, u,-)))
Three cases for |a):
> fila) =]a) & « has no loop from i to i+ 1,
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Three cases for |a):
> fila) =]a) & « has no loop from i to i+ 1,

(ai + Ci)"poc = TiYq
> fila) =|B) # |a), = « has no loop from j to i + 1,

ajtYa + CiPg = Mo
ajg + o = T

The two-boundary Brauer loop model



(a; + bje; + C,'f;') |\|f> =T; |\|l> ( = |\Il(u,~+1, u,-)))
Three cases for |a):
> fila) =]a) & « has no loop from i to i+ 1,

(ai + Ci)"poc = TiYq
> fila) =|B) # |a), = « has no loop from j to i + 1,

ajtYa + CiPg = Mo
aiYg + cihq = mithg
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gKZ equation (bulk)

(a,-+b,-e,-+c,-f,-) |\U> =T |\U> (: |W(U,’+1,U,‘)>)
Three cases for |a):

» fla) =|a) & « hasno loop from ito i+1,
(ai + ¢ )Ya = Titha
> fila) =|B) #|a), = « has no loop from i toi+1,

ai’(/}a + Ciw,B = ﬂ—iwa
ajhp + ciha = Tithg

» ahasaloopfromitoi+1, = fla)=]«a),

(ai + Ci)"/}a + b; Z w'y = MY

veiln)=l)
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First case: fila) =|a) &  « has no loop from i toi+1,

(ai + Ci)";zja = 7ri'¢a
More detail:
ha(Uiz1, ui) = (ai + ¢)a(ui, Uiy1)

(”H—l — Ui + 1) (U1 — ui — 2)
(U, — Ujy1 + 1)(“1 — Uit1 — 2)

(U,', U,‘+1)

= Yalu, uir1) = (Ui — vier + 1)(ur — uier — 2)SY (g, 1)

= r(u; — Ui+1)5{i7i+1}(ui7 U,'+]_)
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Results
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Special Components

gKZ directly implies:

K L
LT L10...0 H1—2“' IT @ +2u)
i=1 i=k+1
k L—k
X H r(ui — up)r(—uj — uj) H r(ui — up)r(ui + uy)
1<i<j<k k+1<i<j<L

< IT T Wi = w+ D(=ui = 0+ 1) (i + v + 1)(—ui + 0 + 1)]
i=1 j=k+1
x SO kb AL (g ),

Conjecture (bound on degree): S = 1.
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Can also show (no details given here):
Wil uu+1,000)) = p(uis o Oy By, - ) Wea (o, Ty By, 2))
Implying

Zi(oouui+ 1,000y = p(ugs o O By ) Ze—o (e By B, o).
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Recursion (bulk)

Can also show (no details given here):
Wil uui+1,0.0)) = pluis ooy O Dy - ) Weeo (oo, 05, Bigr, -2 ))
Implying

Zi(ooyuiui+ 100y =p(ugs ey Oy Oigry - ) Z—o(e o iy Dy, -2 ).
With the conjectured bound on the degree, we have

pluii...) = (1 =201+ 2w + 1)) [ rlw — w)r(u; + u; + 1)
ANES!

This recursion is useful for proving the sum rule (next slide).
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With the conjectured bound on the degree,

(=5+2u? + u7)

Iop = H b(u;,uj)2 det b(U' u.)
i Yy

1<i<j<2n

1<i j<2n

ZZn—l =2 H b(u,-, Uj)2
1<i<j<2n-1
(—5+2u,-2+2uj2)
x det [ b(u;,u)) ]lgiJ§2n—l
[1]1gi§2n—1 0

[—1]13,'32"—1

where

b(uj, uj) — (1—(ui — uJu)2 )_(].u.z— (ui + Uj) )
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Wan = > 1, where av is a permutation between sites 1,...,n and
n+1,...,2n.

Wz,,(ul, ceey U2n) =/ Zon H(l — 2U,)(1 =+ 2U,~,+,’)
i=1

X H r(ui — uj)r(—uj — uj)r(Unsi — Ungj)r(Unti + Unyj)
1<i<j<n
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Need proof of degree

Still working on proper proof for Ws,

Working on model with general closed loop weight, n =2
corresponds to non-crossing case

Looking for connection to algebraic varieties

Thank you

boundary Brauer loop model
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